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Summary
Stresses and strains in a thick-walled cylinder of viscoelastic

material of infinite length due to homogeneous shrinkage of the
material are discussed. Two models, one of which assumes a
standard solid response in shear and elastic response under
volumetric strain, the other standard solid response for both
conditions, are employed in order to demonstrate the effect of
volume viscosity. Two different (initial) Poisson's ratios are
considered to find the effect of the elastic compressibility of the
viscoelastic material. The expression for the first invariant of
the stress tensor is given and a measure of triaxiality is com-
puted because of their assumed sensitivity with respect to crack
initiation in viscoelastic materials.
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Symbols
= inner and outer radius of thick-walled cylinder
= components of strain deviation tensor
= Young's modulus
= a function of p which replaces E in elastic

solutions to produce transformed viscoelastic
solutions

= shear moduli
= unit step function
= o-jbfc, the first invariant of stress tensor
= the second invariant of stress deviation tensor
= bulk moduli
= transform parameter in the Laplace trans-

formation
= differential operators with respect to time

CY'\ = polynomials in p

r,0,z = cylindrical coordinates
SH = components of stress deviation tensor
t = time
u = radial displacement
a = coefficient of linear thermal expansion
AT = temperature variation
3e',3eo',3ei' = volumetric deformations due to imposed

shrinkage
e'(/>) = the Laplace transform of ef

en = components of strain tensor
ekk = sum of normal components-of strain tensor
er,ee,ez = radial, tangential, and axial strain

= transformed radial, tangential, and axial strain
= coefficient of shear viscosity
= coefficient of volume viscosity
= Poisson ratios
= a function of p which replaces v in elastic solu-\(p)
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tions to produce transformed viscoelastic
solutions

b/a
components of stress tensor
sum of normal components of stress tensor
radial, tangential, and axial stress

transformed radial, tangential, and axial stress
time parameter
shear and bulk relaxation time
stress function

(1) Introduction

IN CYLINDRICAL SOLID PROPELLANT GRAINS, Separa-

tion of propellant and casing or cracks within the
propellant formed during storage are assumed to be
due mainly to shrinkage of the propellant material.
The fact that the response of the material is visco-
elastic rather than elastic reduces the severity of the
shrinkage stresses to some extent, but does not relieve
them entirely, since the stress-relaxation characteristic
of real viscoelastic materials only involves the devia-
toric components of the stresses, unless there is a sig-
nificant volume-viscosity present. The assumed visco-
elastic response in shear (standard solid) represents
the simplest physical approximation to the behavior of
an elastomer, since it shows the characteristic form of
the frequency (or temperature) dependence of the shear
modulus, although the primary transition of the model
is much steeper than that of real elastomers. The
alternative assumptions concerning the volumetric
response are designed to illustrate the effect of volume-
viscosity.

The purpose of the present investigation is to find
stresses and strains in a thick-walled viscoelastic cylin-
der due to homogeneous shrinkage and particularly to
establish the intensity of the tangential stresses in the
cylinder close to the interface of case and cylinder, as
well as the radial stresses acting on the interface, for
specific assumption concerning the viscoelastic response
of the propellant materials that are qualitatively con-
sistent with their observed behavior. In view of the
crack-sensitivity of viscoelastic materials under bi-
and triaxial tensile stress, it seemed important to in-
vestigate the degree of triaxiality of the cylinder
stresses and in particular the effect of stress-relaxation
on the triaxial states of tension developing in the vi-
cinity of the interface.

Since the shrinkage is assumed to be homogeneous
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Deviotoric

FIG. 1. Model I of the
mechanical response of the
material.

Volumetric

throughout the cylinder, the volumetric deformation
3e' is a function of time, not of space, as long as the
cylinder is free from boundary constraints. The de-
pendence of e' on time t is assumed to be described by
the function

' r / I / / - t » — t/Tn\~\TJ'f-i\ /~\\€ = [60 -p €1 ^1 — 6 °) \±1 ( I ) \L)

where e0' and e/ are constants and H(t) is the unit
step function. It should be noted that e' is negative
for shrinkage since the usual convention of e' to be
positive for expansion is adopted here according to the
theory of elasticity.

The analysis produces a rigorous solution of the
physical problem when shrinkage is spontaneous being
due to chemical reactions and therefore homogeneous
throughout the cylinder, while it is an approximation
if the shrinkage is caused by the decrease of the ambient
temperature (from curing to storage temperature in
case of solid propellant) since then the nonuniform
distribution of temperature in space not only produces
nonhomogeneous shrinkage but also alters the ma-
terial properties. The stress analysis due to non-
homogeneous shrinkage imposed on nonhomogeneous
viscoelastic materials would be considerably lengthy
and is a problem for future study,

The cylinder is considered to be of infinite length so
as to reduce the analysis to the case of plane strain.
Furthermore, it is assumed that the cylinder is con-
tained in a rigid case; thus the tangential and radial
components of the displacement at the outer surface
are zero, while the inner surface is traction free. The
assumption of a rigid case is not only expedient but it
also produces the severest shrinkage stresses.

(2) Models of the Material
Two models for the viscoelastic material are con-

sidered. Model 1 combines deviatoric and volumetric
stress-strain relations represented respectively by a
standard solid and an elastic medium (Fig. 1). When
Su and ei3 denote components of deviatoric stress and
strain and <rkk and ekk sums of the normal components of
stress and strain, these relations are1

PstJ =

Q =
1/T2

P' = i, Q' = 3K

(2)

where GI, £2, K are elastic constants, 772 is the coeffi-
cient of viscosity in shear as shown in Fig. 1, r2 =
WG2 the relaxation-time and G = GI + G2 the unre-
laxed shear modulus.

In Model 2 both deviatoric and volumetric stress-
strain relations are represented by standard solids
(Fig.2)1

(3)

where GI, G2, KI, K^ are elastic constants, 772, *2 are the
coefficients of shear and bulk viscosity as shown in Fig.
2, T2r = KZ/KZ the bulk relaxation time and K = KI +
K% the unrelaxed bulk modulus.

The Laplace transform of Eqs. (1), (2), and (3) with
respect to time under initially zero condition produces
Eqs. (4) -(6) respectively.

<(P) = l«'P + (*' + ti')/T0]/P(p + 1/ro) (4)

(5)

P = 5/d/ + 1/T2

Q = 2Gd/d* + 2Gi
PVW = Qekk

P' = d/d; + 1/T2
7

Q =

= p + 1/T2,

Q(p) = 2Gp +_2G1/T2

P'(£) = 1, Q '(P) = 3^

P(pYsn(p} = Q(P)~etj(p)
P(p) = p + 1/T2,
Q(p) = 2Gp + 2G!/T2

Q'(/0 = 3Kp

(6)

where p is the transform parameter.
The replacement of e' by er(p) as well as the elastic

constants E and v by the viscoelastic operators E(^>)
and v (p) in the associated elastic solution gives, by
virtue of the elastic-viscoelastic analogy,1 the trans-
formed solution which in turn produces upon inversion
the viscoelastic solution, where E(#>) and \(p) are

(7)
2Q'(p)P(p) + Q(p)P'(p)

2Q'(p)P(p) + Q(p)P'(p}

(3) Elastic Solution

The associated elastic problem is to find stresses and
strains in a hollow cylinder of infinite length subject
to uniform volume change that might also be associated
with a uniform temperature change A T under the
specified boundary condition. The equation of equilib-
rium in cylindrical coordinates is
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(d(Tr/dr) + [(o> — ao)/r] ~ 0

where <rr and cre are radial and tangential stresses.
From the strain-deformation relations

er = du/dr and 60 = u/r

the compatibility equation

r(dee/dr) + ee — er = 0

is obtained where er and e# are the radial and tangential
strain components, the radial displacement u being a
function of r alone.

The stress-strain relations are

1 + v
E

1 + v

[(I - V)*r ~

[(1 - v)<re -

r<re

= 0

where e' might be considered as ef = akT where a.
represents the coefficient of linear thermal expansion
and AT" is a temperature variation being negative for
shrinkage.

The introduction of a stress function $ such that

o> = </>/V, 0-0 = dcfr/dr

produces the compatibility equation in terms of 0

d^(j> 1 d<j> 0 E de1

dr^ r dr r2 1 — v dr

The solution of the above equation, with the boundary
condition u — 0 at r = b and o> = 0 at r = a under the
assumption de'/dr = 0, is

= £pV
* ~ "l + (1 - 2v)p*(r ~~a/r')

where a and b denote the inner and outer radius of the
hollow cylinder and the radius ratio b/a = p.

Therefore, the associated stress and strain com-
ponents are

__ _ 2/1 _ n^/r2\ }

*e = - p2(i + «2A2) | x
T 2 = - ( 1 + P

2) J

eg = (I - P
2a2A2) } X

e2 = 0

1 + (1 -

a +
1 + (1 -

(8)

(9)

FIG. 2. Model II of the
mechanical response of the
material.

(4) Viscoelastic Stress and Strain Components
The replacement of e', E, and v in Eqs. (8) and (9)

respectively by e' and the associated viscoelastic opera-
tors E(p) and \(p) indicated in Eqs. (4) and (7) pro-
duces the transformed stresses and strains given below;

(a) Model I
9p2(l

3P
2)G

9p2(l

9(1 + P2)

F<r(p) = -

(10)

9(1 + pV/
3p2)G]

9(1 - pV/

where

P(P + l/r0)(p - k)

3K + (1 + 3P
2)G! 1

(11)

k = — (12)+ (1 + 3p2)G
The inverse transform of Eqs. (10) and (11) produces

9P
2(1 - a2A2)

3K + (1 + 3p2)G

9P
2(1 + a2A2)

~3K + (1 + 3p2)G

F«(()

Fa(0
(13)

3K + (1 + 3p2)G

F.(f) = A + 5e-(A» + Cefe

where

B = e1'(G1/r, - G/r,)K/(k + I/TO)

C = [to'k + (e0' + €/)/TO] X
(Gk + Gi/Tt)K/k(k + I/TO)

as well as

9(1 + p2a2A2)

««(') =

2[3K + (1 + 3p2)

9(1 - P
2«2A2)

F.(f)

2[3K + (

<re(£) = A' + B'e

3p2)G]
(14)

Volumetric where
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B' - ei'(l/T2 - l/r0)K/(k + I/TO)

C' = [e<j'k + (e</ + e/)/T0] X
(k + l/rt)K/k(k -

(b) Model 2

sr(p~) = — — - a— — 5 '**

*,(£) = -

[«

3*: + (1 + 3P
2)G ' '̂

9p2(l+a2/r2)
3* + (1 + 3p2)G ^(/>)

9(1 + P2) p

3K + (1 + 3p2)G '

t'p + («o' + eiOAo] X
//"•i. | /"» / \ f V" t^ 1 If 1 l\
\(jrp ~t~ w"!/ T2y V-tVp "1 -A- 1/ T2 y

as well as

M 3*J ( Tr 1 t \ W / \ _ L / 1 _ L Q 2^ //^ /^i/T2 T~ J^/TZ) ~r v-L ~r <5p A^i/^
2 [3X + (1 + 3p2)G]

/[3(Xl/T2' +X/

^ *[:
The inverse transform of Eqs. (15) and (16) gi\

9p«(l-aVO __ 1
<M*

<T,(*

,r />

y 3J^ + (1 + 3P
2)G ' "w

9p»( l+aVr«)
y 3.K + (1 + 3p2)G ^

9^ + ̂  IP m

TABLE 1.

Volumetric
Deformation

Model VQ 3e' Designation

"^ 1/r°) I 0.3 Eq. (20) 1(1)
I 0.3 Eq. (21) 1(2)
II 0.3 Eq.(20) 11(1)

>, II 0.3 Eq.(21) 11(2)
I 0.49 Eq. (20) I7(l)
I 0.49 Eq. (21) I'(2)

9(1 + PV/r») 1
> (15) 'r(^ 2[3K + (1 + 3P

2)G] Fe(P^

*e\fj 2 [3^ + (1 + 3p2)G] ± e^J

and

rz) + (1 + 3p2)(G1/r2 + G/TZ')]* 3Ki + (1 + 3p2)Gi
IK + (1 + 3p2)G]2 [3K + (1 + 3p2)G]r2r2

• (16)

; (17)

'•es

(*i + l/ro)(fe + 1/ro)

^1S^ ^ == teo ^i ~i (eo ~T~ ^i J /^oJC^i i I/TZ) Xv-1-0/

3^ + (1 + 3P
2)G "

= ^ + ^e-//TO + Cew +

' + eiO/A

1/T2) X

where

B = -^'(Gi/n
(*! + l/ro)(*2 + I/TO)

C = [eo'/fei + («/ + 6i')Ao](G*i + Gj/r2) X

as well as

where

X

(19)

9(1 + pV
2[3X + (1 + 3P

2)G] A '

9(1 - pVA2)
3P

2)G] F.(f)

= A'

The above results will be illustrated by numerical
examples.

(5) Numerical Example (a)
In the elastic medium Poisson's ratio j>0 is related to

G and K by G/K = 1.5 (1 - 2^)/(l + ?0).
For the numerical examples, the assumption is made

that (a) v, = 0.3 (G/K = 0.461538) and Gi/G2 = 0.1
for Model I, (6) ^o = 0.49 (G/K = 0.0201342) and
G1/G2 = 0.1 for Model I, (c) VQ = 0.3 (G/K = 0.461538),
Gi/Gz = 0.1, K! = Kz = K/2, and r2

r = r2 for Model II.
Furthermore, two types of volumetric deformations are
assumed

(20)

(21)

Since Eq. (20) is a limit of Eq. (1) when TO approaches
infinity and Eq. (21) is the result of the substitution of
e</ = 0 and TO = r2 into Eq. (1), the function Fff(p) and
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5t/T2-6

FIG. 6. Tangential strain ee at r = a as a function of time
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Fe(p) in the previous section are simplified as follows.

(a) Model I

P(P ~ k)

e,'K(p + l/r2)
P(P - k)

- k)

- k)

(22)

(23)

(24)

(25)

(b) Model II
For G/K = 0.461538, Gi/G2 = 0.1, K! = K2 = K/2,

and T2; = T2, &2 in Eq. (17) turns out to be &2 = — l/r2.

P(P

P(P ~
(27)

Fa(p) =

F(P)=f(P'

Gl/r2)(Kp
(28)

(29)

The computation has been performed for six com-
binations of three different materials and two assump-
tions concerning volumetric deformation as shown in
Table 1. p(= b/a) is taken p = 3 and 1.5.

It should be noted that the differences between /
and II and between / and I' demonstrate, respectively,
the effects of volume viscosity and of elastic com-
pressibility of the viscoelastic material on the me-
chanical response to the imposed volume deformation.

Figs. 3 and 4 show the (absolute) maximum stresses
(o> at r = b, 0-0 at r = a) as functions of time (t/rz)
while the (absolute) maximum strains (er, efl at r = a)
are plotted against time in Figs. 5 and 6. As typical
space distributions of stress and strain, Fig. 7 shows
0>, o-e, er, and €0 in Model I with *>0 = 0.3 and p = 3 as
f unctions of r.

Eq. (13) and Eq. (18) show that the sum of three
normal components of stress tensor J\(= <rkk) which
is probably responsible for cracking of the viscoelastic
material is not a function of r but only of time t:

1(1), <rr

10 1.5 2.0 . 2.5 3D

1(1), 0-g (yO=3)

1.0 1.5 2.0 r/fl __ 2.5 3.0 1.0 1.5 20
r/a- 25 30

FIG. 7. Space distribution of stresses and strains.

1(1), €d (^0=3)
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/3 =

p=\.s

0 0.25 0.50 0.75 I
(r-a) / (b-o) ——

FIG. 8. Space distribution
of l/il/VJT, the ratio of
the first invariant of the
stress tensor to the square
root of the second invariant
of the stress deviation ten-
sor, as a measure of triaxi-
ality of state of stress.

FIG. 9. Schematical illus-
tration of temperature
change in time ( t / r z ) .

9(1 + 3P
2)

~3K + (1 + 3p2)G F.(0

In order to investigate the degree of triaxiality of the
stress, the ratio /i/VJ^ is computed and plotted as a
function of space in Fig. 8, where J2' is the second in-
variant of the stress deviation tensor.1

> — <T0) 2

(*e ~ °zY + (er, - <rr)2]
and therefore _ _________

J./VJ^ = -V3(l + 3P
2)/Vl + 3(P

2a2A2)2

The last equation shows that the triaxiality ratio
Ji/vOV is independent of the type of model assumed.

Finally it is worth noting that az(t) is not a function
of space but is identical with ae(f) at r — b.

(6) Numerical Example (b)
The stresses and strains due to the following volu-

metric deformations are now considered.
€' = -1.375 X 10-2 (1 - e~t/T0 H(t) (30)
€' = -7.70 X 10-3 (1 - e-t/T^ H(t)

-6.05 X 10-3 [1 - e-(t/T*-2)] H(t - 2r2) (31)
The volumetric deformations in Eqs. (30) and (31)

might be respectively associated with the temperature
variation (Fig. 9a)

T = -250° (1 - £ft/T2) H(t)
and (Fig. 9b)
T = -140° (1 - e~t/T2)#(/)

-110° [1 - e-(t/T2~2)] H(t - 2r2)
with an assumed coefficient of linear thermal expansion
a = 5.5 X W-5/°F.

I I
o^(r=b), o^(r=a)

(Model I with z/0=0.30, y

0 I 2 3 4 5 t/7. 6 7 8 9 10

crr(r = b),
(Model I with z^=0.30, o = 3)

2 3 4 5 t /T_6 7 8 9 10

.OlOp
- =

(Model I with z/0=0.49, p = :

5 t/r2-6

.00134

.000594

FIG. 10. Radial stress a-Tatr = b and tangential stress
<rd at r = a caused by temperature change.
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Model I with z/=030, 0=3)

14.8

}0 2 3 4 5 t/Tz_6 7 8 9 10
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20

16

12

8

4

°<

/

1
1 /
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I'(

/

/
/

/ /

/,.

(Model I

a)x"*t"~X
' Kb)/

/

x/
/ /

7I
*^*~

€ r , €

with z/

f^^

T'(n)

"TibT

,(r=o) '
^=0.49, /) = 3)

e
{

——— €

•=J=T=J=_1

1 ________

) 1 2 3 4 5 f /T_6 7 8 9 1C

20.3

162

FIG. 11. Radial strain er and tangential strain €0 at
r = a caused by temperature change.

The resulting stresses and strains due to these volume
changes are of the form

<rt(t) = -1.375 X 10~2 <r,*(0
et(t) = -1.375 X 10-2e,*00

for e given in Eq. (30) and
o-iOO = -7.70 X 10~3 <rt*(£) -

6.05 X 10~3 ti*(t - 2r2)
€i(0 - -7.70 X 10~3 €,*(/) -

6.05 X 10~3
 c<*(^ - 2r2)

for er given in Eq. (31), where the suffix i stands for
r, 0, and z and o-f*(2) and €z*(t) are the stress and
strain response to the volume change er = +(1 —

TABLE 2.

Model
I
I
II
II
I
I

PO
0.3
0.3
0.3
0.3
0.49
0.49

Volumetric
Deformation

e'
Eq. (30)
Eq.(31)
Eq. (30)
Eq.(31)
Eq. (30)
Eq.(31)

Designation

Kb)

1Kb)

e t/T2) H(t) which can be easily obtained from the ap-
propriate equations in the previous sections.

Dealing with the same models as discussed in Sec-
tion 5, the computation has been performed for six
combinations of three different materials and two
assumptions concerning volume change as shown in
Table 2. <rr(t) at r = b and ae(£) at r = a for p = 3 are
plotted in Figs. 10 and er(f) and ee(t) at r = a in Figs.
11.

With G at room temperature (rubber elastic state) of
the order of magnitude of at least G = 300 psi, the
order of magnitude of K is (a) for z>0 = 0.3, K = 650
psi and (b) for ?0 = 0.49, K = 14,900 psi. Hence the
maximum radial stresses at the interface of grain and
case and maximum tangential stresses at the inner
surface are o> = +13.7 psi and ae = +30.0 psi for
Model I with *>0 = 0.3, o> = +9.75 psi, and <re = +21.6
psi for Model II with *>0 = 0.3 and o> = +35.8 psi
and (T0 = +80.0 psi for Model I with PO = 0.49, while
the maximum strains at the inner surface are respec-
tively er = -0.148 and *e = +0.119, er = -0.116
and ed = +0.0925, and er = -0.203 and ee = +0.162.

With an increase of the shear modulus throughout



JANUARY 1963 THICK-WALLED VISCOELASTIC CYLINDER 115

the transitive range to at least 102 of the above values Reference
at the glass-transition temperature, the stresses in this 1 Freudenthal, A. M., and Geiringer, H. "The Mathematical
range will also increase by a factor of at least 102 of the Theories of the Inelastic Continuum," Encyclopedia of Physics

& (Handbuch der Physik), pp. 269-273, 293-296, 240; Springer-computed stresses. Verlag> Berlin> 1Q58
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